Finite-Size Particles in Homogeneous Turbulence
Markus Uhlmann and Todor Doychev
Institute for Hydromechanics,
Karlsruhe Institute of Technology, 76131 Karlsruhe, Germany
E-mail: {markus.uhlmann, todor.doychev}@kit.edu

1

Introduction

Two-phase flows involving dilute suspensions of solid particles are of relevance to a large
number of natural and technical processes. Examples include the motion of precipitation
particles in the atmosphere, transport of solid-fluid mixtures in combustion devices as well
as diverse chemical engineering applications. In many cases of practical importance, the
flow is either per se (i.e. in the absence of particles) turbulent or does exhibit ’turbulent’
motion induced by the particles. The interaction between the turbulent carrier flow and
solid particles can lead to a number of hydrodynamical coupling effects, which are most
prominently manifested by (a) a peculiar spatial particle distribution (a.k.a. preferential
particle concentration), (b) an increase or decrease in the particle settling velocity, (c) an
enhancement or attenuation of flow turbulence. The vast majority of past studies has been
devoted to the regime of small particles, i.e. those with a diameter less than the smallest
length scale of the flow – often idealized as point particles. Conversely, particles with
a size comparable to or larger than the smallest flow scales have received less attention,
presumably because the lack of a scale-separation as well as the fact that the local flow
around the particle happens at finite Reynolds numbers lead to considerable additional
complexity. Not surprisingly, an adequate description of the dynamics of flows involving
“large particles” is currently being considered as one of the major open questions in the
multiphase flow community1 .
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Numerical method and performance on JUGENE

The numerical method used to solve the incompressible Navier-Stokes equations in the
presence of multiple moving immersed bodies is identical to the one of reference2 . Our
finite-difference-based approach – employing an immersed-boundary technique for the
representation of non-grid-conforming solid objects – is characterized by the following
numerical/algorithmic characteristics. The semi-implicit predictor step of the fractional
step procedure requires the solution of three Helmholtz equations. An approximate factorization technique is employed, which yields a sequence of one-dimensional implicit
equations. The resulting matrix systems are solved by means of a parallel tridiagonal
solver3 . The projection step requires the solution of a Poisson equation for the pseudopressure. This is achieved through a multi-grid procedure4 , which typically needs 6-10
iterations for convergence. Parallelism is realized by standard three-dimensional domain
decomposition. The overall operation count of the fluid solver is therefore O(N1 N2 N3 ),
where Ni is the number of grid points in the ith coordinate direction. For the evaluation
of all central second-order finite difference operators, communication of a single ghost
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cell between neighboring processes is sufficient. The representation of the solid phase
essentially amounts to an interpolation step and a subsequent spreading step in which
data is transferred back and forth in between the Cartesian grid and Lagrangian marker
points attached to the particle surfaces. These two operations can be realized in a relatively cost-efficient manner, since the interpolation functions have a limited spatial support.
The operation count is therefore O(Np (D/∆x)2 ), where Np is the number of particles.
Particle-related work requires the knowledge of the surrounding flow field. Therefore, it is
assigned to the process holding the respective sub-volume in which the particle currently
resides. Whenever a particle crosses an inter-process boundary, control is passed over to
the process holding the new sub-volume. Furthermore, whenever a particle overlaps subvolume boundaries, two or more processors need to perform the computation of coupling
forces jointly. A specific protocol for such communication steps of the dispersed phase
has been developed. Again, communication only involves the 26 neighboring processes.
Balancing of fluid related work is automatically guaranteed by an equal distribution of the
global grid. Particle-related work is difficult to balance exactly, since particles are free to
move anywhere in the computational domain. However, our experience has shown that
load balancing in statistically homogeneous flows is not an issue.
Figure 1 presents weak scaling results for our code. As can be seen, the scaling is
indeed good, considering that we solve an elliptic PDE. In particular, in the actual range
of production runs with up to 64K processor cores, we achieve quite reasonable parallel
efficiencies.

parallel efficiency T (1)/T (np )

0

1

−50

0.8

−100

−150

0.6

wrel D
ν

0.4

−200

−250

0.2
−300

0
0
10

1

10

2

10

3

10

4

10

5

10

6

−350
0

10

5

10

15

20

t/tref

number of cores np

Figure 1. Weak-scaling of a full Navier-Stokes time
step on JUGENE. In all cases each core is treating
1283 grid cells. The largest number of cores used in
this series is np = 643 = 262144 (64 racks).

Figure 2. Average particle settling velocity (normalized with particle diameter and kinematic viscosity)
as a function of time. The relative velocity is defined
as wrel = hw(p) i − hwi. ——–, present simulation
(case A1); – – – –, previous simulation with identical
density ratio and solid volume fraction, but smaller
terminal Reynolds number and box size (case R). The
terminal settling velocity for an isolated sphere in un(p)
bounded ambient fluid w∞ (cf. reference5 ) is shown
as ——–; the data for an isolated sphere, corrected for
collective hindrance6 is shown as ——–.
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√
case

φs

ρp /ρf

A1
R

0.005
0.005

1.5
1.5

Dgz D
ν
320.8
171.5

box size

# of particles

137D × 137D × 546D
34D × 34D × 273D

97218
3038

Table 1. Physical parameters describing the main simulation, here denoted as “case A1”, as well as a smaller
reference case (“case R”) which we have simulated elsewhere in the past. Shown are the solid volume
√ fraction
φs , the solid-to-fluid density ratio ρp /ρf , as well as the gravitational to viscous velocity scale ratio Dgz D/ν,
the box size in multiples of the particle diameter, and the total number of particles.
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Results

The physical problem involves the gravitational settling of approximately 105 spheres under dilute conditions (solid volume fraction φs = 5 · 10−3 ), a system size which has not
been accessible to high-fidelity numerical simulations in the past. The problem is fully
characterized by three non-dimensional parameters, which (in addition to the volume fraction φs ) can be taken as the density ratio and the gravitational to viscous velocity scale
ratio. The corresponding values are given in table 1. The table also shows that the box
size of the current simulation (“case A1”) is fourfold elongated in the vertical direction,
amounting to nearly 550 particle diameters. We will see below that this size is indeed sufficient in order to guarantee a proper spatial decorrelation of velocity fluctuations. With the
given solid volume fraction and the ratio of particle diameter to box size, a total number of
97218 particles is obtained. To our knowledge, no high-fidelity simulation with more than
O(1000) resolved and fully mobile particles has been undertaken in the past.
In the numerical simulation we employ a (uniform and isotropic) grid with 2048 ×
2048×8192 nodes (total 3.4·1010 ). Particles are resolved with 15 grid widths per diameter.
The simulation was set up to run on 16384 processor cores on JUGENE. A snapshot of
particle locations and vortical structures in the flow field can be seen in figure 3.
3.1

Particle settling velocity

Figure 2 shows how the average settling velocity evolves with time. It should be noted
that the simulation starts with all particles and the fluid at rest. Therefore, it requires an
initial transient for particles to reach their approximate terminal velocity, after which the
settling velocity exhibits only gradual changes. The smoothness of the curve in figure 2 is
a manifestation of the large number of particles.
It can be seen from figure 2 that the present simulation yields settling velocities which
are close to the values predicted by a balance between drag and buoyancy when using the
standard drag law5 . However, although the settling velocity seems to reach a nearly timeindependent state by t/ttref ≈ 5, variation sets in at later times, when the average settling
velocity starts to increase again. A similar behavior was not observed in the reference case
R (lower Reynolds number, smaller box), where the average settling velocity fluctuates
little in time once the initial transient has been surpassed (cf. figure 2). The principal
physical difference between the present case A1 and the reference case R is the type of
flow induced in the particle wakes. As has been discussed by7 , the larger the extent of the
wakes, the stronger the tendency of particles to accumulate. On the basis of the available
previous data, it can be expected that significant particle clustering occurs in the present

3

Figure 3. A dilute suspension of approximately 105 heavy spherical particles sedimenting in a viscous incompressible fluid in a periodic spatial domain. The image on the left shows the instantaneous spatial particle distribution; on the right corresponding coherent structures (vortices) are depicted in a small sub-volume. The terminal
Reynolds number (for an isolated particle) is adjusted to a value of 354. Gravity acts from top to bottom.

case A1. Consistently, the magnitude of the average settling velocity in figure 2 exhibits
a visible trend to increase, as would be expected if a significant fraction of the overall
number of particles is residing in other particles’ wakes.
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Figure 4. (a) R.m.s. fluid velocity fluctuations of the horizontal components (——–) and the vertical (——–)
(p)
component. The terminal settling velocity w∞ given by the standard drag law5 is used as the reference velocity.
(b) Two-point correlation of the vertical component of the fluid-phase velocity, Rww , as a function of vertical
(——–) and horizontal separations (——–).

3.2

Turbulence generation

As stated above, particles are released into ambient fluid. Therefore, any fluid motion is
induced by the particle motion, which in turn is due to the gravitational potential. The
relevant questions in this context are aimed at determining the intensity of self-induced
fluid motion, as well as the structure of this particle-induced “turbulence”. This analysis
is different from (but related to) the study of the modulation of existing (background)
turbulence due to the addition of particles, which will be studied in a future sub-project of
the present study.
Figure 4(a) shows the temporal evolution of the (box-averaged) r.m.s. values of fluid
velocity fluctuations. It can be seen that the vertical component is highly dominant (i.e. the
anisotropy b33 is close to the maximum value of 2/3) as a consequence of the wake-induced
character of the fluid motion. The quantity shown in figure 4(a) also directly represents
the intensity of the fluctuations as commonly used with the purpose of parameterizing the
influence of turbulence upon the particle motion. It can be seen that intensity values of
the order of 0.2 (i.e. 20% of the terminal particle velocity) are reached. This level of
intensity is comparable to the turbulence levels often considered in studies of the influence
of background turbulence upon particle wakes8, 9 and its influence on hydrodynamic forces
acting upon particles10 . It can be concluded that, although the turbulent motion is selfinduced and the particle volume fraction is dilute, appreciable average turbulence levels
are generated in the present case.
Concerning the temporal evolution of the curves in figure 4(a), we observe that both
components appear to level off around t/tref = 5, later starting to rise again (particularly
the vertical component). This trend confirms the hypothesis that significant particle clustering is taking place towards the end of the present simulation interval, since residence of
particles in fast-settling clusters is expected to increase the overall r.m.s. value of the fluid
(and particle) velocities, particularly the vertical component.
A particular concern when using tri-periodic domains is the adequacy of the box size.
One indicator of decorrelation is the two-point autocorrelation function. Figure 4(b) shows
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Figure 5. (a) Example of Voronoi tesselation of a bi-periodic plane, performed with respect to the locations
indicated as blue dots. Note that the cells are continued periodically in order to guarantee a space-filling and nonredundant tesselation. The periodic boundaries are indicated by dashed lines. (b) Pdf of Voronoi cell volumes V
at different times: ——–, t/tref = 0 (random initial positions); ——–, t/tref = 5.0; ——–, t/tref = 9.6. (c)
Pdf of the horizontal-to-vertical aspect ratio of Voronoi cells at the same times as in (b).

the spatial correlation of the vertical fluid velocity component as a function of horizontal
and vertical separations. It can be observed that a complete spatial decorrelation in both
directions is indeed warranted by the presently chosen box-size. In particular, Rww reaches
a zero value at vertical separations of approximately 130 particle diameters. This length can
be interpreted as a characteristic length of the wake structures. In the horizontal direction
a small but significant negative correlation is observed for separations of approximately
10 particle diameters. Several local secondary extrema are recorded, each at a distance
of approximately 10D. These values can be taken as characteristic measures of average
horizontal distances between individual particle wakes.
3.3

Spatial structure of the particle phase

Several techniques are commonly used for the characterization of the spatial structure of
the dispersed phase. Besides conventional box-counting11 and genuine clustering detection
algorithms12 , a technique based upon Voronoi tesselation has recently been proposed in the
context of particulate flows13 . Figure 5(a) shows an example in two dimensions, where
starting with random particle positions (the ’sites’) the space is covered with cells which
have the property that each point in the cell is closer to the cell’s site than to any other cell’s
site. As a consequence, the inverse of a Voronoi cell’s volume is proportional to the local
particle concentration.
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A graph of the pdf of Voronoi cell volumes based upon instantaneous particle positions
at different times in our simulation is depicted in figure 5(b). Since the initial particle
positions were chosen randomly, the initial pdf coincides with the theoretical Gamma distribution for random particle fields14 . After an elapsed time of 5 reference time units the
particle Voronoi cell volumes are still found to be approximately randomly distributed. At
the latest time (t/tref = 9.6), a significant deviation from randomness is observed. The
latest pdf indeed exhibits the behavior reported in earlier studies13 , characterized by largerthan-random probabilities of finding very small and very large Voronoi cells while roughly
maintaining the overall shape of the pdf. As a consequence, there exist two cross-over
points (approximately at V /Vmean = 0.6 and 1.5) between the latest pdf and the reference pdf for random particle distribution. These cross-over points give us the possibility
of defining an objective threshold cell-size for determining whether a particle belongs to a
cluster region or not, as suggested by13 . As a consequence, the possibility of computing
and analyzing conditional statistics exists, without the need to introduce ad hoc threshold
values. This possibility will be further explored in the future.
Additional quantities of interest can be deduced from the Voronoi tesselation. In our
case, where there exists one preferred spatial direction due to gravity, particle accumulation
is not expected to take place in an isotropic manner. Rather do we expect particle clusters
to exhibit a vertically elongated shape. This kind of non-isotropic cluster can sometimes
be “invisible” in the light of a Voronoi analysis purely based upon cell volumes. Therefore, we have computed the aspect ratio of Voronoi cells dividing the largest horizontal
extension by the largest vertical extension of each Voronoi cell. The corresponding pdfs
are shown in figure 5(c), where it can be observed that both evolved particle fields (at
t/tref = 5 and 9.6) are distinct from the random case: large aspect ratios (i.e. Voronoi
cells which are “flat”) are found to be clearly more probable than in the random case. This
result is consistent with particles lining up in elongated, thin columns, where the vertical
distances to the nearest neighbor are typically smaller than the corresponding horizontal
distances. Therefore, considering the distribution of Voronoi cell aspect ratios has revealed
a tendency to form elongated particle arrangements (significantly different from those of
randomly positioned particles) at earlier times (t/tref = 5) than clustering diagnosed by
pure Voronoi cell volume statistics (t/tref = 9.6).
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Conclusion

Owing to continuous advances in computer hardware as well as efficient numerical algorithms it has now become feasible to faithfully simulate fluid-particle systems of considerable complexity (order of 105 spheres in dilute conditions, large box-sizes). The data
obtained through such numerical simulations will contribute to the elucidation of such
fundamental questions as:
• How is the average particle settling velocity affected by (self-induced) turbulence?
• What are the characteristics of turbulence generated by the presence of particles?
• What is the spatial structure of the dispersed phase?
Integration over relatively long temporal intervals will be required in order to provide
proper sampling of the large-scale dynamics. Since the time scales of particle ’clusters’
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are yet unknown, a certain amount of numerical exploration of the parameter space will be
necessary in order to establish those requirements.

Acknowledgments
Support through a research grant from DFG (UH 242/1-1) is thankfully acknowledged.

References
1. S. Balachandar and J.K. Eaton, Turbulent dispersed multiphase flow, Ann. Rev. Fluid
Mech., 42, 111–133, 2010.
2. M. Uhlmann, An immersed boundary method with direct forcing for the simulation of
particulate flows, J. Comput. Phys., 209, no. 2, 448–476, 2005.
3. N. Mattor, T.J. Williams, and D.W. Hewett, Algorithm for solving tridiagonal matrix
problems in parallel, Parallel Computing, 21, 1769–1782, 1995.
4. B. Bunner, “Code package MGD: an MPI-parallel replacement for MUDPACK”,
URL: http://www.mgnet.org/mgnet-codes-bunner.html, 1998.
5. R. Clift, J.R. Grace, and M.E. Weber, Bubbles, drops and particles, Academic Press,
1978.
6. G.K. Batchelor, Sedimentation in a dilute dispersion of spheres, J. Fluid Mech., 52,
no. 2, 245–268, 1972.
7. T. Kajishima, Numerical investigation of collective behaviour of gravitationally settling particles in a homogeneous field, in: Proc. ICMF 2004 (5th Int. Conf. Multiphase Flow), Y. Matsumoto, K. Hishida, A. Tomiyama, K. Mishima, and S.
Hosokawa, (Eds.), Yokohama, 2004.
8. P. Bagchi and S. Balachandar, Response of the wake of an isolated particle to an
isotropic turbulent flow, J. Fluid Mech., 518, 95–123, 2004.
9. D. Legendre, A. Merle, and J. Magnaudet, Wake of a spherical bubble or a solid
sphere set fixed in a turbulent environment, Phys. Fluids, 18, 048102, 2006.
10. P. Bagchi and S. Balachandar, Effect of turbulence on the drag and lift of a particle,
Phys. Fluids, 15, no. 11, 3496–3513, 2003.
11. J.R. Fessler, J.D. Kulick, and J.K. Eaton, Preferential concentration of heavy particles
in a turbulent channel flow, Phys. Fluids, 6, no. 11, 3742–3749, 1994.
12. J.A. Melheim, Cluster integration method in Lagrangian particle dynamics, Comput.
Phys. Commun., 171, no. 3, 155–161, 2005.
13. R. Monchaux, M. Bourgoin, and A. Cartellier, Inertial particles clustering in turbulent flows: a Voronoi analysis, in: ICMF 2010, S. Balachandar and J.S̃inclair Curtis,
(Eds.), Proc. 7th Int. Conf. Multiphase Flow, CDROM, Tampa, USA, 2010.
14. J.-S. Ferenc and Z. Neda, On the size distribution of Poisson Voronoi cells, Physica
A, 385, 2007.

8

